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if this is a differential
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structure we call

Mi.fi luj fj defines

a same differential structure

X Yui
中 i

Y U Uj Yj
JET

f Xt Y is smooth if

Yjof 中 q fiujnui1 1Im
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Xi Yui Xi g y

is equivalent if Id is

smooth from X x2 X_X

素ㄚ

diffemorphic 微分 同 胚

Question

is a topological manifold



IS X has a differential structure

dim I 2 3

dim yi

Counterexample by Donaldson

Question

homeomorphism
⼀ diffeomorphism

x
But dimension 3 this is
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true

Poi r care's Conjecture

If X is homotopic to s is

diffemaphic to s

I
1 s f x n s

2
X is honamaphic to s

l



X is diffemorphic to s

is True

2 n 1 2 3 5 6

n

y
nix

Goal use differential structure

and Morse theory to classify

surface



and use fundamental group

to prove

x2
却 it
1

ㄨ ㄚ

dim Ii

s

i

Idea i f is a smooth function on
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4i U i V

ifofi is smooth

平 2gyl fiP l 0 it q

Call p a critical pt

Def f is called a Morse

function if critical pt

rank1
⼀ dip n
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Theorem

If f is a Morse function on

X then hear each critical ptp

Yp up Up R st

Yp is a homeomorphism

Ypoqi 中 it a C

and ftp.xit.txi xri_
Xu



Theorem

f is a Morse function

4acfcb了 has no critical pt

Then accc dcb

Sf c3 is homeomorphic to

it d3
critic at pt

t

i_____
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Cor critical Pt is discrete

In particular X is cmpt
µ

Critical pts arefinite

Thm differential manifold x

Morsefunction f

Classification of dim 1 manifold

X using Morse theory
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Find a Morse function f on X

Pi Pn are critical pts

ftp ⼀ f中3
71

4e semi induction by m

Xc Sf c3
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⼩
f
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21 f Cm
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Theorem any compact I

dimensional ToyDiff manifold

must homefdiffeomorphi.to

the disjoint union of s io 17

1finite union

Dim 2

M

o M is closed I manifold



OM is U US

Now we add D to s

Consider

M Uf P Uf D Ufm
D

Where fi s Ci EM

nip

is ndfeomo.ph rem

Easier version

MU f D is homeomorphic



to MU g D

pf
F.MU fp MU gD

FIX X X EM

Furio r girl on

Ir OJ ED

lemma if f.si s R

is a diffmorphism a
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is a

diffeomapisn.pf.fi
s s
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To⻔ s t s

can be lift to To 17 F io 17

Claim F must be monotone

If xcycz

于 ⼼ Fay

Fay Fit1

ac Fic

7
4

contains tuo element



Which is contradict to that f

is a diffeomorphism

F is either or

Moreover

F 1 Fi ⼆ ⼟1

Otherwise IF D F 0 1 m 1

x



If F 01 C

F4 41

we can define

Fix七 ⼆ txt 11 七 ㄨ

Fu t Fo t 1

⼲ induce a mat

from s s f each
t.Fix.tl

is onto by intermidrate
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thm.Fix.tl

is onto by it is

monotone

M Of D is diff to

MUI d
D or

Oni 00M Uconj D

cenj 为
Idix.gs
cxiylconjix.gg

x
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M Uf D
X EM N 业

M Ug D x EM xiy JED

extension conjugate map to D

Next question

start with a closed manifold

M n u are coordinate chart

i.eunurt中



unuzll
⽇ fi Ui Vi ER homeomorphism

tio fj f C

Di EU DEV

we want to show

mi ⾼
Exercise

1homeomorphism
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Definition Connected sum

If Mi Me are closed manifold

The Connected sum of Mi Mz

is defined to by

M 1D U s'ㄨㄒ0117 V1Mzp

0000
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0 000

GO
There are two ways of
connected sums
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Ò
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M讲 M2 err
and

0 ⽇

M 井 Mi hr

翻转 M

However if a diff fin m s t

fls conj
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mtl.mu mtbm
Exawpk I Torus
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Example2

Mobius band

RPIDF01
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Fer RP

M 井 RP MID U Id
Mobius

EMP Uconj Mobius

M 2RP

Theorem Any surface with

boundary is homeomopic to the

disjoint union of
m



s 井ㄗ井⼀井ㄗ
T 井 井T2

T
removed some disc

Pf we need to pf this for

closed surfaces

If X is closed f is a

morse function

Critical pt pi 不
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Case di

If Citi3 1ity 了

⼆ RID2

ft ci 3 R2

We get a disc back

Case 2 n

Sfzcits3 9
2

y ⾏
⼀

It cii3 girl In
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Klein bottle
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Klein bottle 2 Mobius

Mobius RPI disc
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RP disc U Mobius band

Klein bottle zMobius
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Klein bottle s'ㄗ 井RP
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RP To uns S

All cmpt surface with boundary

b



must be a disjoint union of

s 井 RP 井Trustdiscs

Remark

M T

⼆ 00 007

0

加装正 环 柄
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lifmfol.Thm.Angsurfaeewithboundayimp.ae

must be the disjoint union of
5井 1m刷

n disc

5井 117川ndis

Cor Any
closed connected manifold

is



s 井1mRP
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Fundamental group of surface

mRIP

RP Mobius U disc

mRIP 521m disc Um Mobius
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can't be isomorphic

m ㄗ IT hale instinct

下

In particular M is a

M homotopic to s2



M is iso.to 52

Higher
dimension

theorem
any

closed manifold with

boundary must be homo
topic to a

cw
comp

Def x is called a cw complex

if its obtained inductively by

the following way
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